The recent advances in process technology have made possible the fabrication of nanolasers in photonic crystal cavities, which have large Purcell factors and a predominant coupling to the cavity laser mode [1] . To achieve a seizable output power, it is necessary to fabricate large arrays of this novel type of laser and it is therefore important to understand the coupling effects of these arrayed nanolaser systems in order to optimize the output power and ensure stable operation [2] . Here, we quantify the coupling strength needed for coherent coupling of the laser cavities when taking into account detuning effects and show that the systems display rich nonlinear dynamics.
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We model the coupling effects using a tight-binding approach by adding phase-dependent coupling terms to the laser rate equations, which are derived from coupled mode theory. The Purcell enhancement of spontaneous emission is modeled as in ref. [3] by (β F P + (1-β)) B N 2 , where β is the spontaneous emission factor, F P the Purcell factor, B the bimolecular recombination coefficient and N the carrier density.
The laser rate equations are solved numerically in the time-domain and the steady-state solutions can be represented in phase-space as limit cycles (corresponding to oscillatory steady-states) and points (constant steady-states). Fig. 1a displays a Poincaré map of the steady-state phaseplots for a two-cavity system as a function of the coupling strength, which is defined as the (normalized) overlap between two neighboring cavities. Phase-locking behavior is recognized in the low-coupling regime, whereas the amplitude of the limitcycle increases with the coupling strength and evolves into a complex oscillatory behavior that displays several period doubling bifurcations. The same tendency is seen in work on coupled VCSEL arrays [4] . Fig. 1 a) The Poincaré map for a two-cavity system as a function of the coupling strength. b) The upper and lower bound on the phase-locking regime for β = 1 (○), β = 0.1 (+) and β = 0.01 (x). In both graphs are used a quality factor of 2000.
Due to imperfections in the fabrication process, the resonance frequencies of the cavities are often slightly detuned, which can reduce the extent of the phase-locking regime. Our model predicts an additional, lower bound on the phase-locking regime for detuned systems, which is explained as the minimum coupling strength at which the coupling terms can counteract the detuning effects. In fig. 2b the dependence of the phase-locking regime on detuning is presented for different values of β. The figure indicates that a higher value of the β-factor allows for larger fabrication imperfections, but also that for detuned systems one cannot operate in the phaselocking regime at arbitrary low coupling strengths.
